Dynamic Greeks and Model Risk

Adrian Gfeller
London School of Economics

http://stats.Ise.ac.uk/gfellera

Risk and Stochastics Day, 19.3.07

Dynamic Greeks and Model Risk 1 19.3.07



Outline
1. Option pricing and dynamic sensitivity analysis in the Black-Scholes model
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5. Existence of derivatives
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1. Option pricing and sensitivity in the Black-Scholes model

Black-Scholes framework under EMM:
CZBt = TBtdt,
dSt — TStdt + O'Stth.

Price function of European call at time t:
c(t,s) = e "I VEmax(s — K, 0)|S, = s].

Use It6: .
ci(t,s) + 50232053(75, s)+rscs(t,s) —re(t,s) =0.

Terminal condition ¢(T', s) = max(s — K, 0).
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Standard Greeks

Explicit formula for price:

c(t,s) = sN(dy) — Ke_T(T_t)N(dg),

with
() rE (T -
b2 oV —t .
Sensitivities:
dc 0%c
A = — —_
0s’ : 0s?’
RN
P = or’ - o’
_oc
Ot
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Dynamic greeks

PDE for the price and vega:
1
ci(t,s) + 50282038(75, s)+rscs(t,s) —re(t,s) =0,

Vi(t, s) + %0232)733(75, s) 4+ 1sV(t, 5) — rV(t, 8) + 05°cy(t, s) = 0.

Terminal conditions:
c(T, s) = max(s — K, 0),

and
V(T, s) = 0.
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2. Option pricing in Lévy process driven models

The exponential Lévy model

Driving process:

Xt=7t+0Wt+/

2]>1

ru(dt,dr) + / x(p(dt, dx) — v(dx)dt).

|z]<1

Stock price dynamics:

oo

dS; = rS;_dt + oS;_dW; + / (e® — 1)S;— (p(dt,dx) — v(dx)dt).

—0
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Option Prices
European vanilla option price at time ¢ under EMM:
c(t, Sy) = e "TDE[R(Sy)|S)],
where
g, = "X,

How can options in such a model be priced?

e Pricing via simulation
e Pricing with Fourier transform methods
e Pricing with numerical integration

e Pricing with integro-differential equations
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Integro-differential equation approach

The discounted option price ¢(t,S;) = e "'¢(t, S;) is martingale.
Use It6:

dé(t, St> :e_ﬁ [ — TC(t, St_>dt + Ct<t, St_>dt + Cs(t, St_)dSt

1
+ §Css<t, St_>d[S, S]g

+ (c(t, Si—€") — c(t, Si=) — (e" — 1)Si_cs(t, Si—) ) pldt, d:z:)] .

—0

PIDE:
1
ci(t, ) + rses(t, s) + 50252055(75, s) —rc(t, s)

+ /OO v(dx) [c(t, se*) — cft, s) — (" — 1)sca(t, S>] .

(0. @)
Terminal condition

c(T,s) =h(s), s>0.
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Changes of variables

T=1—1,

] (S)+
r=In(- )+,

c(t,s) = Ke ""u(r, x).

New PIDE

2 0.2

ur (7, ) = <7“ - %) U (T, ) + ?Uxx<7', )

+ / vidy)|u(t,z +y) —u(t,x) — (6’ — Duy(T, x)].

New side condition

u(0, z) = max(0,e” — 1).
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3. Dynamic sensitivity in Lévy models

Greeks of a vanilla option in the Merton Model

The Merton jump-diffusion model:

lts Lévy measure:

N
Xp=nt+oWi+ ) Y,
i=1
St _ So@rt+Xt,
Yi ~ N(u,0%).
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To obtain vega, differentiate with respect to o.

dc ou
Y =— ’U—a—o_,

py Y =Ke "v.

PIDE for u:
o2 o2
U, (T, x) = (7“ — ?> Uy (T, ) + ?um(ﬂ T)

+ / vidy)lu(t,z +y) —u(r,z) — (e — Duy(T, x)].
PIDE for v:

onr) = - %) el ) + Sl ) + 0{uaa(r. ) — (7. 2)

+ /V(dy)[v(T, r+y)—v(r,z)— (e — (7, 7)]
Side conditions:

u(0, ) = max(0,e" — 1), v(0,x) = 0.
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Jump Diffusion Vega
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Greeks of a vanilla option in the variance gamma Model

Variance gamma process Y;:
t 1

Y, = 0Z,+ oWy, Zwr(—,—
K K

The stock price:
St _ SOGTH—YH—’yt.

The Lévy measure:

1
v(de) = —e v Bllgy,
k||
with
A:%, B_ \/€2+2202//£.
o o
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Calculate vega:

oc

1% p=

,_ 0

0o’
Y = Ke .

PIDE for the option price u:

U (T, ) = ru(T,x) + / vidy)|lu(t,z +y) —u(r,z) — (e — Duy(T, x)].

Dynamic Greeks and Model Risk 14 19.3.07



PIDE for the sensitivity v:

U (T, ) = ru.(T, T)
+v(dy)v(r,z+y) —v(r,z) — (6! — 1), (7, x)]
+ v(dy)u(t,x +y) —u(r,z) — (e — Du,(7, x)],

where

20 2 2+/0% + 202
ody) = [ 229 _ Y| N Vv o?/kly| e
02 02+ 2020k o3

Side conditions
u(0, z) = max(0, e” — 1), v(0,2) = 0.
Interesting new greeks are

e The sensitivity with respect to the volatility o,
e The sensitivity with respect to the drift 6,

e The sensitivity with respect to the variance x of the subordinating gamma
process.
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Variance Gamma Vega
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Lookback option
Price function of a floating strike lookback put:
c(t,s,m) = e "TVE[Mp — Sp|Sy = s, M, = m).
Discounted option price is a martingale
c(t, Sy, My) = e "e(t, Sy, My).
Apply Ito:

dé(t, St, Mt) :G_rt [ — TC(t, St_, Mt_>dt + Ct<t, St_, Mt_>dt + Cs<t, St_, Mt_)dSt_
1
+ 5035@, St_, Mt_)d[S, S]g

+/ (c(t, Sie’,max(M;—,e"S;)) — c(t, S, M)

©.9)

— (" = 1)Si—cy(t, Sp—, My_)) pu(dt, dz) | .
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PIDE:

|
ci(t, s,m) + rscs(t, s, m) + 50282635(15, s,m)—rc(t, s, m)

0.@)

+/ v(dx) [c(t, se’ max(m, se®)) — c(t,s,m) — (e — 1)scs(t, s,m)| = 0.
Terminal condition:
c(T,s,m)=m — s.
Auxiliary side condition:

Cm(t,s,m) =0 at s =m,
—T(T—t).
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Option price function:
c(t,s,m) =muw(t, z),

where Zt — St/Mt.
The derivatives in the new variables w and z are
1

Cs = Wy, Css = —Wyyz, Cyp = M — 2Wy,
m
c(t, se”, max(se”, m)) = mmax(ze*, 1)w(t, min(ze®, 1)).
PIDE with two state variables:

1
wi(t, z) — rzw,(t, z) + 5027;21022(15, z) —rw(t, z)

+ /—OO v(dx)[max(ze”, Dw(t, min(ze®, 1)) — w(t, z) — (" — 1)(w,(t, 2))] = 0.

©.9)

Terminal condition:
w(T,z)=1-—z.
Auxiliary side condition:
w(t, z) = w,(t, 2) at z =1,
w(t,0) = e "I,
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Second transform of variables
T=1—1,
xr=Inz,
w(t,z) =¢e "Tu(r, x),

New PIDE
U, = (7‘ — %) Uy (T, ) + %O2um<ﬂ )
T /_OO v(dy)[max(e*™, 1)u(r, min(z + y,0)) — u(1, ) — (e — uy(7, x)].

Terminal condition
u(r,x)=1—¢e" at t="1T.

Auxiliary side conditions
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Use

Oc ou .
Y = = v = e YV =me v
PIDE for vega:
2
Vo(T,x) = (7“ — %) V.(1,2) + %OQVM(T, T) 4 0(Upe (T, ) — Uy (T, X))
i / v(dy)max(e”™™, 1)V(r, min(z + y,0)) — V(7,2) — (¢! — 1)V, (7, 2)],

subject to the terminal condition
V(r,x)=0 at t=T.

Auxiliary side condition:
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Other exotic options and models

The dynamic method works well for options where one can reduce the number of
state variables to two.
For example:

e European vanilla options
e Many lookback options
e Asian options

e Some exchange options
It works for all types of Lévy processes:

e Jump-diffusion processes
e Infinite activity but finite variation processes

e Infinite variation processes
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4. Two dimensional models and model risk

The basket option
Option on two Lévy processes driven price processes S; and S;
c(t,s,8) = e "TIE[(aSr + (1 —a)Sp — K)1|S, = 5,5, = 3,
PIDE for price
ci(t,s,5) —re(t, s, §) + rseq(t, s, §) + rscs(t, s, §)

1 1
- 0'18 Css(t, S, 8) + 2023 2cs3(t, 5,3) + poi0asics(t, s, §)

/ / c(t,se’, se) —c(t,s,5) — s(e” — 1)cs(t, s, 5)
— 5(e¥ — 1)es(t, s, 8))v(de, dy) = 0,

We are interested

124
oo
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Exponential Mixing

Stock price:

S, = Soert+oth+(1—oz)Xt

Option price function:
c(t,s) = e "TUE[(Sp — K)F|S, = s,
PIDE for price function
ci(t, s) — re(t, s) +rses(t, s) + (aof + (1 — a)’05 + 2pa(l — @)o102) $°Cys(t, 5)

+ [ (eltstae + (1- ) — clt.s) —sae” — (1 — ) = )(d

©.9)

b [ (ettsta (1= apen) = efts) = sla — (1= a)e” - 1)a(ds)

©.9)

= 0.
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Differentiate PIDE for price w.r.t «

Write % = .

PIDE for the sensitivity:

Gi(t, 8) — rd(t, 8) +15¢s(t, s) + (oo + (1 — a)*os + 2pa(l — a))s* ¢t s)
+ (2a0% 4+ 2(a — 1)o5 4+ 2p(1 — 2a))s°cys(t, )

v/ " (s(e” = )oft, s(ae” + (1 - a))) — 6(t, 5

©.@)

— Sao<oex — 1)ps(t, s) — s(e” — 1)es(t, s))u(dac)
- / (5(1 —eM)o(t, s(a+ (1 — a)e’)) — ¢(t, s)

— s(1 —a)(e” — 1)pg(t, s) + s(e” — 1)es(t, s))v(dx) = 0,
subject to the side condition

o(T,s) = 0.
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5. Existence of derivatives

First: The PIDE for the price function has to be well defined:

e The derivative(s) with respect to the stock price have to exist
e The time derivative has to exist

e The integral term has to converge

Second: Proof the existence of the derivatives with respect to parameters i.e.
that

Oa / h(z,a)F(dz, o)

is well defined.
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Consider
2(k) = e " Elmax(e™ T — ¥ 0)] — max(1 — 7", 0).

Fourier transform:

£(v) = /_ ) e 2(k)dk

ivrT¢T(v _ Z) — 1
iv(l —i4wv)’

— €

¢ is the characteristic function of X7.

Option price function:
1 [ _.
c(k) = —/ e "FE(v)dv + max(1 — e 0).

2T J_ o
Sensitivity:

6 — lim cla+ h) — c(oz).
h—0 h
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6. Numerical computations

Numerical solution of PIDE:

e Localise the PIDE to a bounded domain
e Truncate the integral

e Possibly approximate the small jumps

The PIDE then becomes

u, (1, ) =(r — %)ux(ﬂ T)+ %um(T, T)
+ /B o dy)u(rz +y) — ulr, z) — (€@ — Dug(r, 7).

where v € (—A, A).
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Approximate the PIDE by a finite difference solution
u =u(n-Ar,—A+1i - Ax)

and replace the derivatives by finite differences
n

ou(r, x) B ultt —

ot AT
au(7_7 ZL‘) N U?Jrl o u?—lj
ox 2A\x
(9211,(7, ) ul = 2ul +ul
%

Ox? (Ax)?

Approximate integral term:
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Solve the PIDE on grid:
Use explicit-implicit solver:

n+l _ u

: A7 L= Dul™ + Jul.

U

The diffusion part is

( O.2> un—l—l . u;l;l—ll 0_2 un+1 . QU?—H + U?lel
r —

1+1 1+1
+

2Ax 2 (Ax)?
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The finite difference approximations of the Lévy measures are:

For the Merton model
(j+1/2)Ax
v, :/( v(dy)

j—1/2)Ax
AT
= e T Az

For the variance gamma model:

(j+1/2)Ax
v = /( v(dy)

j—1/2)Ax
1 _Blr.
_ eAZCj B‘xj‘AZE,
Klzj

where
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Conclusion

e The dynamic partial integro-differential approach for calculating prices and
sensitivities works for a wide class of options in Lévy process driven models.

e For the options considered it is computationally faster than simulation
methods and more widely applicable that Fourier transform methods.

e |t produces option prices and sensitivities over a range of strikes or maturities.

e The approach can be applied to a wide spectrum of options, e.g. lookback
options, Asian options and exchange options.
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